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Abstract. A deep conjecture on torsion anomalous varieties states that if V 
is a weak-transverse variety in an abelian variety, then the complement V ta 
of all V-torsion anomalous varieties is open and dense in V. We prove some 
cases of this conjecture. First this holds for a weak-transverse translate in an 
abelian variety. With a totally effective method, we prove that the V-torsion 
anomalous varieties of relative codimension one are non-dense in any weak- 
transverse variety V embedded in a product of elliptic curves with CM. As 
an immediate consequence we prove the conjecture for V of codimension 2 in 
a product of CM elliptic curves. We also point out some implications on the 
effective Mordell-Lang Conjecture and how the method generalises to abelian 
varieties. 



1. Introduction 

In this article, by variety we mean an algebraic variety defined over the algebraic 
numbers. We denote by 67 a semi-abelian variety defined over a number field k and 
by fctor the field of definition of the torsion points of G. Let V be a subvariety of G. 
The variety V is a translate, respectively a torsion variety, if it is a finite union of 
translates of proper algebraic subgroups by points, respectively by torsion points. 

An irreducible variety V is transverse, respectively weak-transverse, if it is not 
contained in any translate, respectively in any torsion variety. 

Of course a torsion variety is in particular a translate, and a transverse variety is 
weak-transverse. In addition transverse implies non-translate, and weak-transverse 
implies non-torsion. 

Notice that we are considering only proper subvarieties. 

It is a natural problem to investigate when a geometric assumption on V is equi- 
valent to the non-density of some special subsets of V. Several classical statements, 
such as, for instance, the Manin-Mumford, the Mordell-Lang and the Bogomolov 
Conjectures — nowadays theorems, are all of this nature. 

More recently, new questions of similar type have been raised. The Zilber-Pink 
Conjecture asserts that, for a transverse variety V, the intersection of V with the 
union of all algebraic subgroups of codimension at least dim V + 1 translated by 
points in a subgroup of finite rank, is non-dense in V. 

This conjecture has been tackled from several points of view, but it has only 
been answered partially. For instance it is known for curves in some semi-abelian 
varieties. 
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E. Bombieri, D. Masser and U. Zannier in |BMZ07j give a new approach for gen- 
eral dimensions. They introduce the notions of anomalous and torsion anomalous 
subvarieties. In their definitions they always avoid points. For us points can be 
torsion anomalous, but not anomalous. This gives a perfect match with the CIT 
conjecture, as clarified below. 

An irreducible subvariety Y of V is a V -torsion anomalous variety if 

- Y is an irreducible component of V (1 (B + £) with B + £ an irreducible 
torsion variety; 

- the dimension of Y is larger than expected, i.e. 

codim Y < codim V + codim B. 

The variety B + £ is minimal for Y if it satisfies the above conditions and has 
minimal dimension. The relative codimension of Y is the codimension of Y in its 
minimal B + £. 

We say that Y is a maximal V -torsion anomalous variety if it is ^-torsion anom- 
alous and it is not contained in any IZ-torsion anomalous variety of strictly larger 
dimension. 

The complement in V of the union of all ^/-torsion anomalous varieties is denoted 
by V ta . Clearly V ta is obtained removing from V all maximal F-torsion anomalous 
varieties. Again, for Bombieri, Masser and Zannier V ta is the complement of the 
union of all ^-torsion anomalous varieties of positive dimension. 

Furthermore, an irreducible variety Y of positive dimension is V -anomalous if it 
is a component of V fl {B + p) with B + p an irreducible translate and in addition 
Y has dimension larger than expected. The complement in V of the union of all 
V- anomalous varieties is denoted by V oa . 

Clearly points should be excluded from the definition of V^-anomalous varieties 
because otherwise all points would be anomalous, making the notion uninteresting. 
On the other hand we allow points to be torsion anomalous varieties: they are 
exactly the torsion anomalous varieties which are not anomalous. 

It may be possible that only some components of V fl (B + £) are anomalous, so 
each component has to be treated separately. This justifies the assumption of Y 
being irreducible. 

In the Torsion Openness Conjecture }BMZ07| . Bombieri, Masser and Zannier 
conjectured that the complement of the set of the torsion anomalous varieties of 
positive dimension is open. In addition, in the Torsion Finiteness Conjecture, they 
claim that there are only finitely many maximal torsion anomalous points. Here 
we state a slightly stronger conjecture, which includes both their conjectures. In 
addition, it specifies that V ta is empty exactly when V is not weak-transverse. In 
other words we say that there are only finitely many maximal torsion anomalous 
varieties of any dimension. 

Conjecture 1 (Bombieri-Masser-Zannier). Let V be a weak-transverse variety in 
a (semi-)abelian variety. Then V ta is a dense open subset ofV. 

For a hypersurface the conjecture is clearly true. Indeed the intersection of an 
irreducible torsion variety B + £ with a hypersurface is either the variety B + £ 
itself or it has the right dimension dim_B — 1. So the only T^-torsion anomalous 
varieties are torsion varieties contained in V; but we know by the Manin-Mumford 
Conjecture that the maximal torsion varieties contained in V are finitely many. 
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Among other results, Bombieri, Masser and Zannier in [BMZ07 , Theorem 1.7, 
prove the openness of V ta for an irreducible variety V of codimension 2 in GJ^. 
Among the main ingredients in their proof is a result of Ax consisting in the ana- 
logue of Schanuel's Conjecture in fields of complex power series in several variables. 

In this paper, we first prove Conjectured] for weak-transverse translates in a gen- 
eral abelian variety. Then we give a totally effective method which shows that in 
any weak-transverse variety V in a product of elliptic curves with CM, the F-torsion 
anomalous varieties of relative codimension one are non-dense. An immediate con- 
sequence is Conjecture Q] for weak-transverse varieties of codimension 2, proving the 
analogue of Theorem 1.7 of |BMZ07j in a product of CM elliptic curves. Our method 
differs from theirs; in particular it is completely effective, and we also avoid the use 
of Ax's theorem. An intrinsic consequence of our effective bounds on the height is 
the effective CIT (stated below) for weak-transverse varieties of codimension 2 in 
a product of elliptic curves with CM. Finally we point out some implications on 
the effective Mordell-Lang Conjecture. We also show how the method for elliptic 
curves generalises to abelian varieties. 

The following first result, based only on some geometric considerations, is proved 
in Section [Hill 

Theorem 1.1. Let H + p be a weak-transverse translate in an abelian variety. 
Then the set of (H + p) -torsion anomalous varieties is empty. 

This clarifies the situation and brings some simplifications in the proof of our 
main result: 

Theorem 1.2. Let V be a weak-transverse variety in a product of elliptic curves 
with CM defined over a number field k. Then the maximal V -torsion anomalous 
varieties Y of relative codimension one are finitely many; in addition their degree 
and normalised height are effectively bounded as 

h(Y) «„ (h(V) + deg V) ~-F-"dL v +v [ ktor (V) : fc tor ]rf^v+", 

degF <„ (h(V) + deg V) iv-"-~d?m v +v [kt OI (V) : fc tor ] 

These are only some of the bounds we obtain. The method is totally effective, 
and we give explicit dependence on V. The notations will be made precise in the 
next sections. 

In addition we bound the degree of the torsion varieties B + £ minimal for the 
maximal ^-torsion anomalous that we consider; these bounds provide, in principle, 
an algorithm to find all such anomalous varieties. The effective statements require 
some further notation and they are given in Theorem 15.11 for maximal torsion an- 
omalous varieties which are not translates, in Theorems 16.11 and 16.21 for maximal 
torsion anomalous points and in Theorems 17.31 and 17.51 for maximal torsion anom- 
alous translates of positive dimension. 

The proof of our main theorem has four main ingredients: the deep Zhang in- 
equality, the strong explicit Arithmetic Bezout theorem by Philippon, a sharper 
variant of an effective result by Galateau on the Bogomolov Conjecture, and the 
relative Lehmer bound in CM abelian varieties by Carrizosa. 
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In the proofs we need to distinguish whether a ^-torsion anomalous variety Y is 
or not itself a translate. 

If Y is not a translate then the Zhang inequality, the explicit Arithmetic Bezout 
theorem, and a functorial version of the effective Bogomolov Conjecture are suffi- 
cient. This case is proved in a product of elliptic curves, as the Bogomolov type 
bounds do not require any assumption on complex multiplication. 

If Y is a point we use the Zhang inequality, the explicit Arithmetic Bezout theorem 
and the relative Lehmer bound; here we need to assume that the elliptic curve has 
CM, as a sharp Lehmer type bound is known only under this hypothesis. 

Finally, we reduce the case of translates of positive dimension to the case of points. 
To this aim we also use a result recalled in the appendix by Patrice Philippon, which 
relates the essential minimum of a translate to the height of the point of translation. 

Theorem 1 1 . 2 1 can be easily generalised to abelian varieties, in the following sense. 

Theorem 1.3. Let V be a weak-transverse variety in an abelian variety A with CM. 
Let g be the maximal dimension of a simple factor of A. If codmiV > g + 1, then 
the maximal V -torsion anomalous varieties of relative codimension 1 are finitely 
many and they have degree and normalised height effectively bounded. 

For clarity, we first present the proof of Theorem 11.21 where the technicalities 
are simpler to follow. We then explain how this generalises to abelian varieties in 
Section HI 

We notice that the most interesting case remains the case of elliptic curves, in 
the sense that there is the largest number of subgroups. A breaking-through result 
would be the proof of Theorem 11.21 for any relative codimension with an effective 
method. Such a general result would imply the effective Mordell-Lang Conjecture. 

We now give several consequences and applications of our main theorem. By 
definition all y-torsion anomalous varieties satisfy a dimensional inequality. As 
a straightforward consequence, we see that in a variety V of codimension 2 the 
relative codimension of a ^-torsion anomalous variety is either one or zero. Then, 
from Theorem 1 1.21 it follows immediately the following: 

Theorem 1.4. Let V be a weak-transverse variety of codimension 2 in a product 
of elliptic curves with CM. Then V ta is a dense open subset ofV. 

Proof. It is sufficient to consider maximal V^-torsion anomalous varieties. Let Y be 
a maximal ^-torsion anomalous component of V fl (B + £) . 
Then, by definition of ^-torsion anomalous variety, 

codim Y < codim V + codim B. 

Equivalently 

dim_B — diml" < codim V = 2. 

If Y has relative codimension zero, then Y = B+( and Y is a component of the clos- 
ure of the torsion contained in V, which is a proper closed by the Manin-Mumford 
Conjecture. If Y has relative codimension one, we apply our main theorem. □ 
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Conjecture Q] is well known to be related to the following conjecture, which in 
turn is equivalent to the Zilber-Pink Conjecture. For a natural number r, define 

s r (v) = Vn |J H, 

codim H>r 

where H runs over all algebraic subgroups of codimension at least r. 

Conjecture 2 (CIT, Conjecture on the Intersection with Torsion varieties). Let V 
be a weak-transverse variety in an abelian variety. Then S<u m v+i(V) is non-dense 
in V. 

By definition, for any torsion variety B + (, the intersection V ta n (B + () has 
the right dimension. In particular, if a point of V lies in some algebraic subgroup 
of codimension > dim V + 1, then that point is contained in a ^-torsion anomalous 
variety (we would expect empty intersection), and so it does not belong to V ta . 
Then, as a consequence of the effective version of Theorems 11.11 and 11.41 we obtain 
a completely effective version of the following theorem. 

Theorem 1.5. Let V be a weak-transverse variety of codimension 2 or a weak- 
transverse translate in a product of elliptic curves with CM. Then iSdim V+lOO * s 
non-dense in V and its closure is V \ V ta . 

Proof. If codim (B + £) > diml^ + l, then all components of V H (B + £) are torsion 
anomalous so they do not intersect V ta . Therefore 

v ta n |J h = 

codim _ff>dim V+l 

and S d imV+i(V) CF\ V ta . By Theorems ITTT1 and IP1 V ta is an open dense set in 
V. That the closure of <Sdi m i s V\V ta is proven exactly as in T3 MZ07] . page 

25, for tori. Recall that for them points are not torsion anomalous varieties. □ 

As an immediate corollary we obtain: 

Corollary 1.6. Let C be a weak-transverse curve in E 3 where E is an elliptic 
curve with CM defined over a number field k. Then 

S 2 (C)=C\C ta 

is a finite set of cardinality and Neron- Tate height effectively bounded. In particular 
every non-torsion point Y £ 5*2 (C) satisfies 

h(Yo) «„ (h(C) +degC) 2 +"[fc tol .(C) : fc tor ] 1+ ", 
[k(Y ) : Q] «,, (deg C(h(C) + degC)[fc tor (C) : k tm ][k(C) : k]) 2+r > . 

That 5*2 (C) is a finite set is known for weak-transverse curves in tori ( |Mau08j . 
Theorem 1.2) and in any product of elliptic curves (see |Via08j ) . That the height 
is bounded is proved using the Vojta inequality in a non-effective way. Effective 
bounds for the height of 5*2 (C) are given for weak-transverse curves in tori in 
BHMZ10 , using an effective Mordell-Lang Theorem, and in abelian varieties only 
for transverse curves in a product of elliptic curves in |Via03] . So this corollary is 
a first example of an effective bound for the height for a weak-transverse curve in 
abelian varieties. 

In higher dimensions, the Bounded Height Conjecture proved by Habegger ( |Hab09j . 
theorem at page 407), together with the Effective Bogomolov Bound by Galateau 
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( [GallOj . Theorem 1.1) and the non-density Theorem by Viada ( |VialOj . Theorem 
1.6) imply the CIT for varieties with V ta non empty embedded in certain abelian 
varieties which include all CM abelian varieties. The original formulation of the 
Bounded Height Theorem in [Hab08] did not contain an explicit height bound and 
the author did not discuss the effectivity of the result (however, in a forthcoming 
paper, Habegger provides an explicit version of the Bounded Height Theorem for 
tori). Even if the method is made effective, the assumption V ta ^ is stronger 
than transversality. In this respect, ours is a new effective method in the context 
of the CIT for weak-transverse varieties. 

Many are the contributions on the CIT of several authors. For a more extensive 
list, we refer to the references given in the papers mentioned above. 

In the last part of the paper we generalise our method, obtaining an effective 
weak result for curves, related to the CIT. Theorem 19.11 gives a complete effective 
version of the following result. 

Theorem 1.7. Let C be a weak-transverse curve in E N , where E is an elliptic 
curve with CM defined over a number field k. Then, 

C n U co dimff>dim#-ff 

is a finite set of cardinality and Neron-Tate height effectively bounded. Here H 
ranges over all algebraic subgroups of codimension larger than their dimension. In 
particular every non-torsion point Yq 6 C (1 U co dim H>dim hH satisfies 

h(Y ) « I; (h(C) + degC)^ i+ "[fc tor (C) : k toI }^+\ 
[k(Y ) : Q] «, (de S C[k(C) : k])^ +r > ((h(C) + degC)[k toI (C) : fc t or])^ + ". 

In the following section we emphasise the implications of these theorems on the 
effective and quantitative Mordell-Lang Conjecture. 

2. Applications to the Mordell-Lang Conjecture 

2.1. Applications to the effective Mordell-Lang Conjecture. The CIT is 

well known to have implications on the Mordell-Lang Conjecture. The toric case 
of this conjecture has been extensively studied, also in its effective form, by many 
authors. A completely effective version in the toric case can be found in [BG06 , 
Theorem 5.4.5, and generalisations in [BGEP09 . However an effective general 
result in abelian varieties is not known. 

Since we prove an effective version of Theorem ll.21 we obtain the following effect- 
ive cases of the Mordell-Lang Conjecture for curves in products of elliptic curves 
with CM, where effective means that we give a bound for the height of the set of 
points in C and in a group of finite rank F; the dependence on C and F is com- 
pletely explicit. The assumption on the relative codimension gives a condition on 
the rank of T. 

This method is completely different from the two classical effective methods 
known in abelian varieties. The method by Chabauty and Coleman, surveyed, 
for example, in |PM10j . gives a Mordell-Lang statement for a curve in its Jacobian 
and r of rank less than the genus; it involves a Selmer group calculation and smart 
computations with the Jacobian of the curve, and it can be made effective in some 
particular cases (see |McC94j ). The method by Manin and Demjancnko, described 
in Chapter 5.2 of [Ser89j . gives an effective Mordell theorem for curves with many 



ON TORSION ANOMALOUS INTERSECTIONS 



7 



independent morphisms to an abelian variety. As remarked by Serre, the method 
remains of difficult application. 

Let E be an elliptic curve defined over the algebraic numbers. 

We let h be the standard Neron-Tate height on E ; if V is a subvariety of E N , 
we shall denote by h(V) the normalized height of V, as defined in |Phi91j . The 
height of a set is as usual the supremum of the heights of its points. If E is defined 
over a field k, we denote by k tor the field of definition of all torsion points of E. 
All the constants in the following theorems become explicit if the constant for the 
Lehmer type bound of Carrizosa in [Car09] is made explicit. 

Theorem 2.1. Let C be a weak-transverse curve in E N , with E a CM elliptic 
curve and N > 2. Let k be a field of definition for E. Let V be a subgroup of E N 
such that the group generated by its coordinates is an End(-E) -module of rank one. 
Then, for any positive r\, there exists a constant c\, depending only on E and r\, 
such that the set 

cnr 

has Neron-Tate height bounded as 

Mcnr) < Cl (h(c) + de g c)^ +rj [k tm (c) ■. fc tor ]^ + ". 

Proof. Let g be a generator of T, the group generated by all coordinates of any 
element in T. If a point x — [x\ , . . . , xn) is in T then there exist ^ dj, bi G End(_B) 
and torsion points Q € E such that 

a i Xi = b i g + Q ) i = l,...,N. 

If all bi = then x is a torsion point, thus it has height zero. We can suppose, for 
instance, that b\ 7^ 0. So g depends on x\. Substituting this dependence in the 
last N — 1 equations, we obtain a system of N — 1 linearly independent equations 
in the variables x±, . . . ,xjy given by 

biajXj ■= aibjxi + C'j, j=2,...,N 

for torsion points. These equations define a torsion variety H of codimension 
N - 1 in E N . Thus, 

(c n r) c (cnu dimH=1 H) u (cn Tor £ «) = s N ^(C) 

for H ranging over all algebraic subgroup of dimension one. However, if N > 2, 
any point x in the intersection C (1 H is a C-torsion anomalous point. In addition, 
as C is weak-transverse, each such C-torsion anomalous point is maximal. If x is 
not a torsion point then H is minimal for x, because H has dimension one. Thus 
the relative codimension of x in H is one. Applying Theorem 16.11 we deduce the 
bound. □ 

If N = 2, the intersection C n H is not torsion anomalous, so we must follow 
another line. For this reason, we need the assumption of C being transverse. 

Theorem 2.2. Let C be a transverse curve in E 2 with E a CM elliptic curve 
defined over a number field k. Let T be a subgroup of E 2 such that the group of 
its coordinates is an End(E') -module of rank one, generated by g. Then, for any 
positive n there exists a constant C2 depending only on E and r\, such that the set 
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has Neron-Tate height bounded as 

h(CD T) < c 2 [k tm (C x g) : k toI ] 1+r > (h{C) + (h(g) + l)degC) 2+ ". 

Proof. Let g be a generator of T, the group generated by all coordinates of any 
element in T. Consider the curve C — C x g in E 3 . Since C is transverse then C 
is weak-transverse. If a point (xi,x 2 ) is in T then there exist ^ eti,&i G End(_B) 
and torsion points (i such that 

ai^i = big + Ci, «2a;2 = hg + C, 2 . 

Thus the point (xi,X2,g) belongs to the intersection C 1 P\ H with H the torsion 
variety of codimension 2 in E 3 defined by the equations 

axxi = bxx 3 + Ci, a 2 x 2 = b 2 x 3 + ( 2 . 

Thus (xi,x 2 ,g) € (C n DdimH=iH) for ranging over all algebraic subgroups 
of dimension one in E 3 . Therefore C n T is embedded in C n UdimH=i-ff and 
/i(C n r) < /i(C" n Udimff=i-£0- However any point x in the intersection C" n H 
is a maximal C'-torsion anomalous point. If x is not a torsion point, then it has 
relative codimension one in H . 
We apply Theorem O to C CE 3 , with dcgC" = degC and 

h{C) < 2(h(C) + h(g)degC) 

by Zhang's inequality, recalled in Section 14.31 below. This gives the bound for the 
height of a point in C n T. □ 

The assumptions on the curve are necessary in both theorems. Indeed for a 
weak-transverse curve C in E 2 the above theorem is not true. Consider the weak- 
transverse curve C = E x g; for any positive integer m, let T m be generated by the 
point "f m = (mg,g). For any to, the point 7 m belongs to C and, for to which goes 
to infinity, the height of j m tends to infinity. Thus there cannot be general bounds 
independent of T. 

This does not happen in higher codimension. The analogue would be C — E x g x g' 
where g and <?' are linearly independent to ensure the weak-transversality. No point 
of C can be in T, as no point of the type (x,g,g') has coordinates in T, which has 
rank one. 

We also remark that for C weak-transverse, C x g is not necessarily weak- 
transverse: let C = E X g, then E x g x g is contained in the abelian subvariety 
x 2 = x 3 . 

With this method, the bound in the case N = 2 depends on g. It is possible 
to remove such a dependence. However one has to prove that for a transverse 
curve C, the set C n UdimH=iH has bounded height. This is proved in |Via03j 
Theorem 1. The proof is effective, but not explicit in the dependence on C and on 
E. The dependence on C is given comparing the height function relative to a point 
with the height function relative to the intersections of C n A~ where A~ is the 
divisor defined by x\ — —x 2 . We use |Via03j to deduce another effective case of 
the Mordell-Lang Conjecture. 

Theorem 2.3. Let C be a transverse curve in E N with E an elliptic curve defined 
over a number field. LetT be a subgroup of E N such that the group of its coordinates 
is an End(i?) -module of rank at most N — 1. Then the set 

enr 
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is finite of Neron-Tate height bounded by a constant c(C, E ) depending on C and 
E N i.e. 

ft(cnr) < c(c,e n ). 

Proof. The proof follows the same idea as the proof of Theorem l2.ll Let g\, . . . ,gN-i 
be generators of T, the group generated by all the coordinates of any element in T. 
If a point (xi , . . . , xn) is in T then there exist E End(-E), an N x (N — 1) matrix 
B with coefficients in End(i^) and a torsion point £ e £J W such that 

(aixi, . . . ,a N x N y = B ■ (g x , . . . ^n-xY + (■ 

Explicitating (g\, . . . ,gN-i) in terms of x\,. . . , xjv-i from the first N — 1 equa- 
tions and substituting in the last equation, we obtain one equation in the variables 
xi, . . . , x N 

a'l^i + • • • + a' N x N = C, 

where £' £ E is a torsion point and a[ G End(i?). This equation defines a torsion 
variety _ff of codimension one in E . Thus, 

(cnr) c (Cnu codiro ^> 1 if) = s , i(C) 

for H ranging over all algebraic subgroups of codimension at least one. By |Via03j 
Theorem 1, this set has height bounded by an effective constant depending only on 
E N and C. □ 

At this point we want to extend our main theorem, at least in the case of curves, to 
see if with our method we could prove other cases of the Mordell-Lang Conjecture. 
Theorem l 1 . 71 enables us to obtain a more general version of Theorem l2.1l for C weak- 
transverse and larger rank of T. We also obtain a theorem similar to Theorem l2.3[ 
with explicit dependence on C . 

Theorem 2.4. Let C be a weak-transverse curve in E N with E an elliptic curve 
with CM. Let k be a field of definition for E. Let T be a subgroup of E such that 
the group of its coordinates is an End(_E) -module of rank t < N/2. Then, for any 
positive r\, there exists a constant C3 depending only on E N and n, such that the set 

cnr 

has Neron-Tate height bounded as 

He n r) < c 3 (h(C) + de g c) #^ +r ' [fctor (C) ■. k tm ] +" . 

Proof. Let gi,...,gt be generators of the free part of T, the group generated by all 
coordinates of any element in T. If a point (x±, . . . , xn) is in T then there exist 
7^ ai G End(i?), an N x t matrix B with coefficients in End(-E) and a torsion 
point C € E N such that 

{a\x\, . . .,a N x N Y = B(gi 7 . . .,g t f + (. 

If the rank of B is zero, then a; is a torsion point and so it has height zero. 

If B has positive rank m, we can choose m equations of the system corresponding 
to m linearly independent rows of B. We use these equations to write the gj in 
terms of the Xi and we substitute these expressions in the remaining equations. 
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We obtain a system of maximal rank with N — m > N — t linearly independent 
equations in the variables xi, . . . , xn- 

a' n Xi H h a' 1N x N = ([ 

< : 

K a N-m,l X l + ' ' ' + a 'N-m,N x N = C'n -m 

where C,[ G E are torsion points and <iy € End(i?). These equations define a torsion 
variety H of codimension N — m in E N . Thus 

(c nT) c s N - t (C) 

for ranging over all algebraic subgroups of codimension at least N — t. However 
dim H = N - codim H = m<t. Thus, if N > 2t 

<SjV-i(C) C (C U co dimH>dimH-ff)- 

Applying Corollary 19.21 with r = N — t gives the wished bound for the height of 

cnr. □ 

We notice that Theorems l2.1l and l2.4l are proved for weak-transverse curves, while 
previous effective results assumed transversality. If we assume the transversality of 
C we can relax the hypothesis on the rank of T. 

Theorem 2.5. Let C be a transverse curve in E with E a CM elliptic curve 
defined over k. Let T be a subgroup of E N such that the free part of the group of its 
coordinates is an End(-E) -module of rank t < N — 1, generated by g\, . . . ,gt- Then, 
for any positive r\ there exists a constant C4 depending only on E N and r], such that 
the set 

enr 

has Neron-Tate height bounded as 

h(CnT) < c 4 [k tm (C x g) : k tm ]^ +r >(h(C) + (h(g) + l)degC)^ + " 
where g = (g lt . . . , g t ). 

Proof. Consider the curve C = C X g in E N+t . Since C is transverse then C is 
weak-transverse. If a point (xj, . . . , xjy) is in T, then there exist ^ a, e End(£J), 
an N x t matrix B with coefficients in End(l?) and a torsion point £ E E N such 
that 

(aixi, . . .,a N x N y = B(gi, . . .,g t f + (■ 

Thus the point (xi, . . .XN,gi, ■ ■ ■ ,gt) belongs to the intersection C'CiH with H the 
torsion variety of codimension N and dimension t in E N+t defined by the equations 

(aiXi,...,a N x N ) t = B(y N+ i, ■ ■ ■ , y^+tf + C 

Thus, C n T is embedded in C n \J<jbaX=tH, and h(C (IT) < h(C n L>dimH=tH) 
for H ranging over all algebraic subgroups of dimension t. If N > t then codim H > 
dimff. 

The bound for the height is then given by Corollary 19.21 applied to C C E N+t , 
where degC = degC", h(C) < 2(h(C) + h(g) deg C) by Zhang's inequality, recalled 
in Section POl below. □ 
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2.2. Applications to the quantitative Mor dell- Lang Conjecture. In |Rem00j . 
Theorem 1.2 Remond gives a bound on the cardinality of the intersection Cfl T 
for a transverse curve in E and T a Z-module of rank r. He obtains the following 
bound 

#(c n r) < C (E N , c) r+1 (de g C)^ N2 °, 

where c(E N , C) is a positive effective constant depending on E N and on the choice 
of an invertible, symmetric and ample sheaf C on E N . 

The Manin-Mumford Conjecture is a special case of the Mordell-Lang conjecture. 
Explicit bounds on the number of torsion points in C are given, for instance, by 
David and Philippon in DP07 and by Hrushovski in [HruOl . David and Philippon 
in [DP07j . Proposition 1.12 show that the number of torsion points on a non-torsion 
curve C is at most 

#(CnTor £ ;») < (10 2Ar+53 degC) 33 , 

where Tor s « is the set of all torsion points of E N . 

Our method enables us to give a sharp bound for the number of non torsion points 
in C fl r for C weak-transverse in E N , which, together with the just mentioned 
bounds for the torsion, improves in some cases the bounds of Remond. Notice that 
below we use the rank t of T, the End(i?)-module of the coordinates of V. To 
compare with Remond's result, we can use the trivial relation r < 2Nt and t < Nr. 

The following theorem is obtained combining the results from Section 12.11 with 
bounds from Theorems 16.21 and Corollary 19.21 

Theorem 2.6. Let C be a curve in E , where E has CM and is defined over a 
number field k. Let T be a subgroup of E N such that the group T of its coordinates 
is an End(-E) -module of rank t. Let S be the number of non-torsion points in the 
intersection CnT. Then, for every positive real rj there exist constants d\,d2,d%, di 
depending only on E N and rj, such that: 

i. if C is weak-transverse in E N , N > 2 and t = 1, we have 

( W -l)(4W 2 -W-4) 2JV 3 -iV 2 + JV~4 | 

S < di((h{C) + deg C)[k toI (C) : fc tor ]) + "(degC) 2 <«-) +" 

■ [k(C) : k] 5T^) +, ' ; 

ii. if C is transverse in E 2 and t = 1, we have 

S < d 2 ([k toI (C x g) : fc tor P(<7) + (h(g) + 1) degC)f +V (degC) 22 ^ 
■ [k(C X g) : fc] 21 +" 

where g is a generator of T; 
in. if C is weak-transverse in E N and t < N/2, we have 

- yk{C) : k] '2(JV-i-D '+''; 

iv. if C is transverse in E and t < N — 1, we have 

Nt(4N 2 -t-2t 2 +6Nt + N-t-2) . 

S<d i ({k tor (Cxg):k tm }(h(C) + (h(g) + l)degC)) + " 

(JV + t)JV(2JV + 2i+l) 



S < d 3 ((h(C) +degC)[fe tor (C) : fc tor ]) ^w^mw^) +"(degC) i+ ^ 

N(2N + 1)(N -t) 



(degC) 1+ ^T^n +r '[k(C x g) : k] Wn^vt 
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where T is generated by gx, ■ • ■ , gt and g = [gx, . . . , g t ) 



Proof. Cases (i) and (ii) follow from the proofs of Theorem 12.11 and Theorem 12.2 



respectively, together with the bounds from Theorem l6.2l Cases (iii) and (iv) follow 
from the proofs of Theorem 12.41 and Theorem I2.5[ respectively, together with the 
bounds from Corollary 19.21 □ 



3. Torsion anomalous varieties: preliminary results 

In this section we denote by G an abelian variety or a torus and by Tore the set 
of all torsion points in G. In the next statements we consider subvarieties V of G. 

3.1. Maximality and minimality. To show that the set of all l^-torsion anomal- 
ous varieties is non-dense, we only need to consider maximal ones. We recall from 
the introduction the following definition. 

Definition 3.1. We say that a V -torsion anomalous variety Y is maximal if it is 
not contained in any V -torsion anomalous variety of strictly larger dimension. 

On the other hand, a variety Y can be a component of the intersection of V with 
different torsion varieties. We want to choose the minimal torsion variety which 
makes Y anomalous. 

Definition 3.2. Let Y be a V -torsion anomalous variety. We say that the irre- 
ducible torsion variety B + £ is minimal for YifYis an irreducible component of 
Vn(B + (), 

codimF < codim y + codimi?, 
and -B + £ has minimal dimension among the irreducible torsion varieties with such 
properties. 

Note that the minimal torsion variety for Y is unique. Indeed if B + ( and £?' + £' 
are two torsion varieties which are minimal for Y, then also (B + £) n (B' + £') 
is minimal for Y, and by minimality dim((_B + £) n (B 1 + £')) = dim(_B + £). So 
(B' + £') C (B + £). But (B + £) and (B' + £') are irreducible and reduced, thus 
(B + = (B' + C)- 

3.2. Relative position of the torsion anomalous varieties. Without loss of 
generality we can work with a maximal T^-torsion anomalous Y and its minimal 
torsion variety £? + £. The maximality for Y avoids redundancy and the minimality 
assures the weak-transversality of Y in B + £, as defined below. The relative 
position of a T^-torsion anomalous variety Y in B + £ is determinant and leads to 
the following natural definition. 

Definition 3.3. An irreducible variety Y is weak-transverse in a torsion variety 
B + £ if ' Y C (£? + £) and Y is not contained in any proper torsion subvariety of 
£? + £. Similarly Y is transverse in a translate B+p ifYQ (B+p) is not contained 
in any translate strictly contained in B+p. The codimension ofY in -B + £ is called 
the relative codimension of Y in B + £; we simply say the relative codimension of 
YifYis V -torsion anomalous and B + £ is minimal for Y . 

Then, we have the following lemma. 

Lemma 3.4. Let Y be a maximal V -torsion anomalous variety and let B + £ be 
minimal for Y . Then Y is weak-transverse in B + £. 
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Proof. Assume that Y is not weak-transverse in B + £, then it is contained in an 
irreducible torsion subvariety + of B + £ with codim (B' + £') > codim (B + £) . 
So y is a component of V f] (B' + (,')■ In addition 

codim Y < codim V + codim (B + Q < codim V + codim (B' + £'), 

which contradicts the minimality of (B + £). □ 

3.3. Torsion anomalous varieties as components of different intersections. 

In the next lemma we prove that every V^-torsion anomalous variety which is a 
component of V D (B + £), is also a component of any intersection V D (A + £') 
with B + C ^ ^ + ('■ Moreover, we can choose £ = in fact if a translate B + p 
is contained in another A + p' , then A + p = A+ p' . Indeed B is a subgroup and 
it contains 0, so p — p' 6 A and A + p' = A + (p — p') + p' = A + p. 

Lemma 3.5. Let Y be a maximal V -torsion anomalous variety, and let B + £ be 
minimal for Y . Then Y is a component o/Vn(A + () for every algebraic subgroup 
AD B, with codim A > dim^ — dimF. 

Proof. Clearly Y C V H (A + C). Let X be an irreducible component of V H (A + () 
which contains Y, then 

codim X < codim V + codim A. 

If the inequality is strict then X is anomalous and by the maximality of Y we get 
Y = X. 

Otherwise, since by assumption codim A > dimV — dimK, we have 

codim X — codim V + codim A > codim V + dim V — dim Y = codim Y, 

but Y C X, so the opposite inequality also holds. This implies codim X = codim Y. 
Therefore both varieties are irreducible, so Y = X and Y is a component of V n 
(A + C). □ 

3.4. No torsion anomalous varieties on a weak-transverse translate. The 

simple choice of maximal and minimal varieties and the group structure allow us 
to prove Conjecture [T] for weak-transverse translates. 

Proof of Theorem ] 1. 1\ . Let Y be an (iJ+p)-torsion anomalous variety and let B + C, 
be minimal for Y. Then Y is a component of (H + p) n (B + () and 

dim H + dim B - dim Y < N. 

Remark that whenever [H + p) n (B + £) ^ 0, then p = h + b + £ for some h e H 
and be B. Thus 

(ff+p)n(B + C) = (H+b+()n(B + () = {H + b+()n{B + b+() = {HnB) + b+( 

and 

dim(HnB) =dim((H +p)n(B + ())■ 
In our case Y C (iJ + p) n (B + C), then 

dim(iJ n B) > dim Y. 

Thus 

dim(if + B) = dim if + dim B - dim(if flB)< dim if + dim B - dim Y < N, 

where the last inequality is obtained from the fact that Y is ^/-torsion anomalous. 
Therefore H + B is a proper algebraic subgroup of the ambient variety. Since 
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p £ H + B + £, then H + p C + £> + £, against the weak-transversality of 
H +p. □ 

3.5. Finitely many maximal ^-torsion anomalous varieties in B+Toiq. Let 
V be a weak-transverse variety in G. Let us fix an irreducible torsion subvariety 
B of G; we end this section by showing the finiteness of the maximal ^-torsion 
anomalous varieties in V (1 (B + Tore) for which B + £ is minimal, for some torsion 
point £. This result implies the finiteness of the maximal ^-torsion anomalous, if 
one can uniformly bound the degree of the corresponding minimal torsion variety 
B + C 

We fist prove that the maximal F-torsion anomalous components in B + Tore 
are non-dense. 

Lemma 3.6. Let V be a weak-transverse variety in G. Let B be an abelian sub- 
variety ofG. Then the set of V -torsion anomalous varieties in V D (B + Tore) is 
non-dense in V . 

Proof. Suppose that there exists a dense subset of maximal ^-torsion anomalous 
varieties which are components of V n (B + £) , for £ ranging over all torsion points 
of G. By the box principle, there exists a dense subset of d-dimensional V^-torsion 
anomalous varieties Yi C V D (B + Q), for Q torsion points, where d is the maximal 
integer having this property. 

Consider the natural projection ttb ■ G —> G/B. As the Yi are dense and project 
to torsion points, the dimensional formula tells us that 

dimy = dimK; +dim7Ts(V). 

Note that V is not F-torsion anomalous, because V is weak-transverse, thus dim Yi < 
dim 1 !/ and dimirsiV) is at least one. However the Yi are anomalous therefore 

codimli < codimV^ + codim_B. 

We deduce that 

dim7TB(V) < codimB = dim G/B. 

This shows that ttb\v is n °t surjective on G/B. Since V is weak-transverse, also 
kb{V) is weak-transverse in A/B. Notice that the image via tt of any F-torsion 
anomalous component in B + Tore is a torsion point. By the Manin-Mumford 
Conjecture the closure of the torsion of ttb(V) is non-dense, thus also its preimage 
is non-dense in V. This contradicts the density of the Yi. □ 

An application of this same result actually shows the finiteness of the maximal 
^-torsion anomalous varieties in V f~l {B + Tore) for which B + £ is minimal, for 
some torsion point £. 

Lemma 3.7. Let V be weak-transverse in G. Let B be an abelian subvariety of G. 
Then there exist only finitely many torsion points £ such that V n (B + £) has a 
maximal V -torsion anomalous component for which B + £ is minimal. 

Proof. Let dimG = N. From Lemma 13.61 the closure of all maximal ^-torsion 
anomalous Yi which are components of V (1 (B + Tore) is a proper closed subset of 
V. In particular, if we consider only those for which B + £ is minimal, their closure 
is still a proper closed subset. We write it as the finite union of its irreducible 
components X\ U • • • U Xr. We now show that the Xj are exactly all the maximal 
^-torsion anomalous components such that B + £ is minimal, for some £ £ Tor^. 
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Suppose that X\ is not a maximal U-torsion anomalous component for "which B + £ 
is minimal, with £ £ Tore. Then some of the equidimensional Yi are dense in X\, 
dim X\ > dim Yi and X\ is not U-torsion anomalous due to the maximality of the 
Yi. 

By assumption, B + Q is minimal for Yi for some Q G Torgr. Then Xi is not 
contained in any B + (, otherwise Yi C X± C V - fl (B + £) and Xi would be a 
V-torsion anomalous variety; this gives a contradiction. 

Let H + £ be the torsion variety (not necessarily proper) of smallest dimension 
containing X\. Then X\ is weak-transverse in H + and since X\ is not U-torsion 
anomalous 

(1) AT-dimXi = N -dimV + N -dmiH. 

Recall that, the Yi are U-torsion anomalous varieties and use (JTJ) to obtain 

N - dim Yi < N - dim V + N - dim B = dim H - dim X x + N - dim B. 
whence 

dim H — dim Yi < dim _ff — dim X\ + dim if — dim B. 

Since -B + Ci is minimal for Y^, we see that (B + Q) C (H + Q and thus (B + Q — C) C 
_ff . Translating every variety by C, we obtain that Xi — ^ is weak-transverse in H 
and the li — £ are dense in X\ — ( and (Xl — £)-torsion anomalous. This contradicts 
Lemma I3U1 applied to X\ — ( in H . □ 



4. Main ingredients 

4.1. Notation. Recall that all varieties are assumed to be defined over the field of 
algebraic numbers. Let A be an abelian variety; to a symmetric ample line bundle 
C on A we attach an embedding ic '■ A P m defined by the minimal power of 
C which is very ample. Heights and degrees corresponding to C are computed via 
such an embedding. More precisely, the degree of a subvariety of A is the degree 
of its image under i£ ; h = he is the /^-canonical Neron-Tate height of a point in 
A, and h is the normalized height of a subvariety of A as defined, for instance, in 
[PhiQlj . 

Most often wc consider products of an elliptic curve E. Then, we denote by 0\ 
the line bundle on E defined by the neutral element, and by On the bundle on 
E N obtained as the tensor product of the pull-backs of 0\ through the N natural 
projections. 

Unless otherwise specified, we compute degrees and heights on E N with respect 
to O n . 

We note that by a result of Masser and Wiistholz in [MW93 Lemma 2.2, every 
abelian subvariety of E is defined over a finite extension of k of degree bounded 
by 3 16N . For this reason we always assume that all abelian subvarieties are defined 
over k. Up to a field extension of degree two, we also assume that every endomorph- 
ism of E is defined over k. 

By <C we always denote an inequality up to a multiplicative constant depending 
only on E and N. 
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4.2. Subgroups and torsion varieties. Let B+C, be an irreducible torsion variety 
of E N with codimi? = r. We associate B with a morphism ips '■ E — > E r such 
that ker ips = B + r with r a torsion set of absolutely bounded cardinality (by 
[MW93] Lemma 1.3). In turn ips is identified with a matrix in Mat rx jv(End(i?)) 
of rank r such that the degree of B is essentially (up to constants depending only on 
N) the sum of the squares of the determinants of the minors of ips- By Minkosky's 
theorem, such a sum is essentially the product of the squares di of the norms of the 
rows of the matrix representing (ps (sec for instance [CVV12] for more details). 

In short B + £ is a component of the torsion variety given as the zero set of forms 
hi, ■ ■ ■ , hri which are the rows of ips, of degree di. In addition 

di ■ ■ ■ d r < dcg(B + C) < di ■ ■ ■ d r . 

We assume to have ordered the hi by increasing degree. 

We also recall that, as is well known, we can use Siegel's lemma to complete the 
matrix defining B to a square invertible matrix; this gives a construction for the 
orthogonal complement B 1 ^ and shows that #(-B n B ) <C (degS) 2 . 

As remarked in jVia08j . in a product of different elliptic curves an algebraic 
subgroup is associated with a matrix where the entries corresponding to the non- 
isogenous factors are all zero. 

For this reason our theorems, which we prove in E for simplicity, hold in 
products of different elliptic curves as well. 



4.3. The Zhang Estimate. We recall the following definition. 

Definition 4.1. For a variety V C A, the essential minimum /i(V) is the supremum 
of the reals 9 such that the set {x G V^Q) | h(x) < 0} is non-dense in V . 

The Bogomolov Conjecture, proved by Ullmo and Zhang in 1998, asserts that the 
essential minimum (i(Y) is strictly positive if and only if Y is non-torsion. 

From the crucial result in Zhang's proof of the Bogomolov Conjecture (see |Zha98j ~) 
and from the definition of normalized height, we have that for an irreducible sub- 
variety X of an abelian variety: 

(2) ^ X )<^l<(l + dimX)^X). 



4.4. The Arithmetic Bezout theorem. The following version of the Arithmetic 
Bczout theorem is due to Philippon |Phi95j . 

Theorem 4.2 (Philippon). Let X and Y be irreducible subvarieties of the projective 
space P™ defined over Q. Let Zi, . . . , Z g be the irreducible components of X n Y. 
Then 

9 

J2 h ( z i) < deg Xh(Y) + degYh{X) + c(n) degX degY, 

i=l 

where c(n) is a constant depending only on n. 
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4.5. An effective Bogomolov Estimate for relative transverse varieties. 

The following theorem is a sharp effective version of the Bogomolov Conjecture for 
weak-transverse varieties. It is an elliptic analogue, up to a lower order term, of a 
toric conjecture of Amoroso and David in [AD03 . 

Theorem 4.3 (Checcoli-Veneziano-Viada). Let E be a product of elliptic curves, 
and let Y be an irreducible subvariety of E N transverse in a translate B+p. Then, 
for any r\ > 0, there exists a positive constant C\ depending on E N and ij, such that 

(v\ (deg B) -dim v-i 



(degF) di " B - 



■+■>! 



This theorem is a special case of the main theorem of |CVV12j . 

For our applications, the lower bound must take into account the degree of B. 
To do so one needs to consider several different line bundles on E N , and the proof 
in |CVV12j is based on an equivalence between two line bundles, and on the lower 
bound for the essential minimum of a transverse variety with respect to the standard 
bundle On ■ Such a bound is given by Galateau in [GallOj . The result of Galateau 
is inspired by the toric version of Amoroso and David |AD03j Theorem 1.4. The 
constant c\ is effective and becomes explicit if the constants in [GallOl are made 
explicitQ. 

4.6. A relative Lehmer Estimate for points. In [Car09 , Theorem 1.15, Car- 
rizosa proves the so called relative Lehmer problem for CM abelian varieties. 

Theorem 4.4 (Carrizosa). Let A be an abelian defined over a number field k and 
having CM. Let Lq be an ample symmetric bundle on A, and let L — Cq. Let H 
be an abelian subvariety of A of dimension go > and P be a point in H , which is 
not a torsion point modulo all proper abelian subvarieties of H. Then there exists 
a positive constant c(A,k,C) depending only on A, k and C such that 

hc{p)> c(A,k,C) f\og\og(io ktoi (P,H)(deg c H) 2 ^ Ki9o) 



u ktot (P,H) V logK tor (P,ff)(deg £ ff) 2 ) 

where k( 9o ) = 2 2 »>+ 1 ffo 4 ^( ffo + l)! 2 *. 

Here k tor — k(A tm ) is the field of definition of all the torsion in A and LUk taT (P, H) 
is defined in the following way (see Definition 1.12 of jCar09j ): 

(j jr \ 1 /codim jjV 

deg c Hj 

where V ranges over all proper subvarieties of H defined over fctor, and containing 
P. 

This theorem generalises to abelian varieties a result of Ratazzi in |Rat04) for 
one elliptic curve. The proof of Ratazzi is inspired to the theorem of Amoroso and 
Zannier in [AZOOj for algebraic numbers. 

The effectivity in the relative Lehmer is not explicitly stated in the theorem of 
CarrizosaQ Using also the effectivity of other results, as for instance the result 
of Amoroso and Zannier in [AZOOj^ and of David and Hindry jDHOOj . one may 



4n a personal communication Galateau provided us explicit computations. 
2 In a short personal communication she claims that her constants are effective. 
■^Though in IAZ00| the authors are not concerned with effectivity, their result can be made 
effective (see |AD07| ). 
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check that Carrizosa's constant can be made effective. In addition, the complicated 
descent in her article can be replaced by the simple induction argument presented 
for tori in |AV12j . An analogous effective method for the relative Lehmer in tori is 
given by Delsinne, see [Del09| . 
As a straightforward corollary of Theorem 14.41 we have the following: 



Theorem 4.5. Let E be an elliptic curve with CM defined over a field k. Let P 
be a point of infinite order in E N , and let B + ( be the torsion variety of minimal 
dimension containing P , with B an abelian subvariety and £ a torsion point. Then 
for every rj > there exists a positive constant Ci depending on E and r\, such 
that 

(degP)^ 

; " [fct or (P) : fc tor ]d^+" 

We clarify how to obtain this theorem from Theorem 14.41 

We recall that we are assuming all abelian subvarieties to be defined over fc, 
We remark that P - ( e B. In addition h{P) = h(P - C) and [k t0 r{P) ■ fetor] = 

[fetor (P — C) : fetor] so we can apply Theorem 14.41 to P — £ in B. 
Let V be the set of all conjugates of P — C over fetor- Clearly the zero-dimensional 

variety V is defined over fetor, and it is properly contained in B. Therefore we can 

say that 

•[fetor(P):fcto^ 1/dimB 



^ tM (P-C,£)< , , „ 

deg £ B 

Notice also that, if we take as C the fourth power Cat 4 of the bundle corresponding 
to the canonical embedding, this only introduces a constant in the heights and the 
degrees. 

Finally, it is clear that in the statement of Theorem 14.41 the corrective factor can 
be replaced by 

loglogK tor (P,g)(deg £ g) 2 ) V (go) ^ 
logK to (P,i7)(deg £ff)2 ) ) »n(^ : (P,H)(<le gc H))*. 

Notice at last that if B + £ is the torsion variety of minimal dimension containing 
P, then P — £ is not a torsion point modulo all proper abelian subvarieties of B. 

5. Torsion anomalous varieties which are not translates 

We let V be a weak-transverse variety in a power of elliptic curves. In this section 
we prove the finiteness of the maximal V-torsion anomalous varieties which are not 
translates and have relative codimension one. Note that this theorem holds in any 
power of elliptic curves, independently if it has or not CM. 

Theorem 5.1. Let V C E N be a weak-transverse variety. Then the maximal V- 
torsion anomalous varieties of relative codimension one which are not translates 
are finitely many. More precisely, let Y be a maximal V -torsion anomalous variety 
which is not a translate. Assume that Y has relative codimension one in its minimal 
P + C- Then for any rj > there exist constants depending only on E N and r/ such 
that: 



degP <„ (h(V) + degV)*™ 
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(3) «, 



h(Y) <C„ (h(V)+degV) co~^°-i+i 

and 

degY <£ n deg F(/j(V) + deg V) -dti™ B i 
7h addition the torsion points £ belong to a finite set. 

Proof. Let Y be a maximal V-torsion anomalous variety which is not a translate. 
Let 2? + C be minimal for Y. Then Y is a component of V P\ (B + () with £? an 
abelian variety and £ a torsion point. In addition codim Y < codim V + codim B. 

We prove that deg-B is bounded only in terms of V and E N ; we then deduce the 
bounds for h(Y) and degY". By Lemma [3.41 Y is weak-transverse in B + (, and 
by assumption codim b+(Y = 1; therefore Y is transverse in B + £. As points are 
translates and V is not contained in a torsion variety, we have 1 < dim Y < dim V. 
Applying the Bogomolov estimate Theorem l4.3l to Y in B + ( we get 

(degj?) 1 -" 
(degF) 1 +') 

We set r — codim B. Let hi, . . . ,h r be the forms of increasing degrees di such 
that B + C is a component of their zero set, as recalled in Section |4T^1 Then 

(4) di • • • d r < deg(B + £) = deg £ < d x • • • d r . 
We denote 

ri = dim V — dim Y. 

Note that r\ < r, because Y is F-torsion anomalous. Let A be the algebraic 
subgroup given by the first h\ ■ ■ ■ h ri forms. Then deg A -C d% ■ ■ ■ d ri . Let Aq be an 
irreducible component of A containing B + £• Then by Q we have 

degA -C d x ■■ -d ri < (deg-B) 1 ^, 

and codim Ao = ri = dim — dim Y. By Lemma 13.51 Y" is a component of V PI Aq. 
We apply the Arithmetic Bezout theorem to V fl Ao and recall that /i(^o) = 0, 
because Aq is a torsion variety. Then 

(5) h(Y) < (/i(V)+degy)degA <C + deg F) (deg B)^. 

For the irreducible variety Y of positive dimension, Zhang's inequality ([2]) says 

Combining this with ([5|) and (j3|) we obtain 

(degB)1 " «, ,(Y) « ( W + degF)- (degB) " 



(degY)^ / ~v vw ■ b ' degY ' 

Recall that Y is a component of V H (B + £). By Bezout 's theorem degY < 
deg B deg V. Thus 

(degB) 1 -" < r) (/i(y) + degV0(deg J B)^(degi?degtO' J 

and therefore 

(degB)^- 2 " <C„ (fc(V) +degy)(degy)' , . 
Since r — r% = codim V — 1, for 77 small enough we get 
(6) degB<„ (h{V) + degV)^^ +v (degV) r >. 
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So we have proved that the degree of B is bounded only in terms of V and E . 
Since the abelian subvarieties of bounded degree are finitely many, applying Lemma 
13.71 we conclude that ( belongs to a finite set. 
Finally, the bound on the height of Y is given by (5J and ([6]) 

h(Y) <„ (h(V ) + deg V ) " - 1 +v (deg Vf. 

The bound on the degree is given by Bezout's theorem for the component Y of 
ynA and © 

degY~ <„ (h(V) + deg V) codimV-i - i+^deg V) 1+v . □ 

6. Torsion anomalous points 

In this and the following section we prove that, if V is a weak-transverse variety in 
a power of elliptic curves with CM, then the ^-torsion anomalous varieties which 
are translates are non-dense in V. We now prove that the ^/-torsion anomalous 
varieties of dimension zero are non-dense. The proof relies on the Arithmetic Bezout 
theorem, the Zhang's inequality and on the relative Lehmer, Theorem 14.51 As the 
last bound is proved only for CM elliptic curves we need this assumption. 

Theorem 6.1. Let V C E be a weak-transverse variety, where E has CM. Then, 
the set of maximal V -torsion anomalous points of relative codimension one is a 
finite set of explicitly bounded height and relative degree. 

More precisely, let k be a field of definition for E and let k tor be the field of 
definition of all torsion points of E N . Let d be the dimension of V. Let Y be a 
maximal V -torsion anomalous point and let B + £ be minimal for Y , with dim B = 
1 . Then 

degB «„ ((h(V) + degV){k tor (V) : k tm })^^+\ 

h(Y ) «, (h(V) +degV)^-^[k tm (V) : k tm ]^~^ , 

[fctor(io) : fetor] «„ degV[k toI (V) : k tm }^i+^(h(V) + degV)^^ +v . 
In addition the torsion points £ have order effectively bounded in Theorem 1 6. 2\ 

Proof. Let Yq be a maximal V-torsion anomalous point, with B + Q minimal for Yq. 

By assumption dim£? = codim b+(Yq = 1. We proceed to bound degB and, in 
turn, the height of Yq and its degree over fe tor . To this aim we shall use Theorem 
14.51 and the Arithmetic Bezout theorem. 

By Section FOl the variety B + £ is a component of the torsion variety defined as 
the zero set of forms hi, ... , h^—i of increasing degrees di and 

di---d N -i <C deg B = deg(B + Q <€. d x - ■ ■ d N -i. 

Consider the torsion variety defined as the zero set of the first d forms hi, ... , hd, 
and take a connected component Aq containing B + (. Then 

(7) degA) < di ■■■dd < (deg 

and 

codim Aq = d = dim V — dim Yq. 

By Lemma 13. 5[ each component of V n (B + () is a component of V n Aq . All 
conjugates of Yq over fetor (V') are in V fl (B + Q , so the number of components of 
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V n Aq is at least 

[fetor (^0) 



[fctor(V,y ) : k toi {V)} > 



[fetor : fetor] ' 

We then apply the Arithmetic Bezout theorem to Yq C V n Aq obtaining 
(8) [ktor(Y ) : k tm ]h(Y a ) « (h(V) + deg V)[k toI (V) : fc tor ](degB)^r. 
Applying Theorem 14.51 to Yq in B + £, we obtain that for every positive real r\ 



(9) H(Yo)» v (degB) " r ' 



[fetor (Yo) ■ fetor] 

Combining (|9]) and ([8} we have 

[fetor (Yo) : fetor f 

« (h(V) + degV)[k toI (V) : fc tor ](degS)^r. 
For rj small enough we obtain 

N-l , 

(10) degB «„ ((h(V) + degV)[k tol (V) : k toI })^-^[k toI (Y ) : fc tor ]". 

Apply now Bezout's theorem to V D Aq. All the conjugates of Yq over kt OI (V) are 
components of the intersection, so 

(u) [fctor(yo) : fetor] mV)+degV )[kUV) : fc tol .])^ + "(degy)^, 

[fetor (V ) : fetor j 

which gives the last bound in the statement. Substituting ((TTj) back into (| 10[) we 
have the bound on deg B. 

Finally apply the Arithmetic Bezout theorem to V fl Aq to get 
(12) 

h(Y ) < {h{V)+degV)(degB)7^ <„ {h(V)+degV)T^+r 1 [k toI (V) : fc to r]^ 

Having bounded deg-B, in view of Lemma 13. 71 the points C belong to a Unite 
set. □ 

Notice that in Theorem 16. II we have effectively bounded the degree of the abelian 
variety B, and we applied Lemma 13.71 to prove the finiteness of the points Yq 
in a non effective way. In the following theorem we give a completely effective 
result. We explicitly bound the degree [fe(^o) : Q] for Y not a torsion point; this, 
together with the bound for h(Yo) in Theorem 16. 11 allows to effectively find all V- 
torsion anomalous points of relative codimension one which are not torsion points. 
The effectivity of this result is relevant for the applications to the Mordell-Lang 
Conjecture shown in Section [2] 

Theorem 6.2. Let V be a weak- transverse variety in E N , where E has CM. Let 
k be a field of definition for E. Let d be the dimension of V . Let Yo be a maximal 
V -torsion anomalous point which is not a torsion point, and let B + C, be minimal 
for Yq with dim B = 1 . Then 

d(N-l) . W-l , 

[k{Y ) : Q] «„ ((h(V) + deg y) [fc tor (I/) : fc tor ]) <"-i-«o* + "(deg V[k(V) : fc])^^ + ". 
In addition the torsion points £ can be chosen with 

[fc(0 : Q] « [k(Y ) : Q] 



22 



SARA CHECCOLI, FRANCESCO VENEZIANO, AND EVELINA VIADA 



and order bounded by 

ord(C)«„ [k(Y ) :Q]^ + ". 

Finally let S be the number of maximal V -torsion anomalous points of relative 
codimension one. Then 

S «„ ((h(V) + degV)[k tm (V) : fc tor ]) Al+ "(deg V) A > +1+11 [k{V) : k] A ^ 

where 

(N-l)(2(N + l)(N-d-l) + dN(2N + l)) 4 
Al - 2(JV-d-l)2 <(N + 1) , 

N(N-1)(2N+1) 3 
M - 2(N-d-l) ~ N ■ 

Proof. In view of Theorem 16.11 we know that deg-B and h(Yo) are bounded. We 
now proceed to bound [k(Yo) : k]. 

To this aim we need to construct an algebraic subgroup G of codimension d 
defined over k, containing Yq and of controlled degree. In order to do this we use 
Siegel's lemma in a similar way as in [Via03j . Proposition 3, which in turn follows 
the work [BMZ99J of Bombieri, Masser and Zannier in tori. Here we use Siegel's 
lemma directly on equations with coefficients in the endomorphism ring of E. 

We notice that End(-E) is an order in an imaginary quadratic field L with ring of 
integers O. The coordinates of Yq = (x\, . . . , xjv) generate an O-module V of rank 
one. The torsion submodule of T is well known; for instance in [Via03j . Proposition 
2 we find a description for it. Such a torsion module is clearly O invariant. As 
a Z-module it is generated by two points T, tT of exact orders R, R' respectively, 
where R = c(t)R' and c(r) is essentially the real part of t 2 , so a constant of the 
problem. 

Therefore we can write 

Xi = a,g + (3iT 

for a fixed point of infinite order g in E, with coefficients on,[3i G O such that 

(13) h( Xi ) = \N L (ai)\h(g) 

and 

N L (l3i) « R 2 . 

We want to find coefficients a, € O such that a i x i — 0- This gives a linear 
system of 2 equations, obtained equating to zero the coefficients of g and T. The 
system has coefficients in O and N + 1 unknowns: the eij's and one more unknown 
for the congruence relation arising from the torsion point. 

We use a version of Siegel's lemma over O as stated in |BG06j . Section 2.9, to get 
d equations with coefficients in O; multiplying them by a constant depending only 
on E, we may assume that they have coefficients in End(E). Thus they define the 
sought-for algebraic subgroup G of degree 



deg G < ( (max N L {a, ) ) (max N L (ft ))^ 
Let Go be a k- irreducible component of G passing through Yq. Then 

d 

deg G < ((max A^o^i? 2 
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By the maximality of Yq, the point Yq is a component of V n Go and by Bezout's 
theorem we get 

[k(Y ) : k] 

■W) 7 ^ - egV egG °- 

Using also (|13p . we obtain 

(14) |pM « degF ((maxA^))^ < 



< degV R 



2 maxi h(xi) 



Ms) 



Notice that h(xi) < h(Yo) for all i. 
We can now apply Theorem 14.51 to g in E, obtaining for every rj > 



(15) ^- «, [fctor(g) : fc tor ] 1+ " < [k toI (Y ) : fc tor ] 1+ " 

%) 

because g is defined over k(Y ). 

The product [fctor(^o) : ktar]h(Yo) was bounded in (j8]), so using also the bounds 
in Theorem I6JJ we obtain 



(16) [k(Y ) : k] «„ degV[k(V) : k]((h(V) +degV)[k tOT (V) : fc tor ])^ 3 +"i? 2 — . 

By a result of Serre in |Ser72] . recalled also in |Via03j . Corollary 3, for R larger 
than a constant and tp the Euler function, we have 

<p(R)<p(R')<Zi[k(Y ):k}. 

In addition 

i? 2 -" «„ <p(RMR') 

since in general f{x) ^> v a; 1-1 ' and R and R' are related by a constant. From this 

and (|16p . for rj small enough we obtain 

(17) 

[k(Y ) : k] «„ degF[fc(F) : k]((h(V) + degV)[k tol (V) : k tm })^^ +r '[k(Y ) : fc]^+". 

Since io is V-torsion anomalous of relative dimension one, we have d < N — 1 and 
we deduce 



[k(Y ) : Q] « [k(Y ) : k] « t; 

(18) «„ (degF[fc(U) : fc])™T + "((M^) + de g y)[fe tor (y) : fc tor ]) <^lF +?) . 

We now want to bound the degree of C, over k and the order of £. Let if be 
the field of definition of B + (; we are going to prove that [fc(0 : K] is absolutely 
bounded and that [K : k) < [fc(Yo) : k}. 

From |Ber87j , we can choose ( in a complement B' of _B such that BOB' has 
cardinality bounded only in terms of N. Moreover, we notice that K C k{Q): in 
fact if cr e Gal(I/Ar(C)), then <r{B + () = B + (. Now let a G Gal(fc/if) and suppose 
that o-(C) ^ C- Then + C) = B + cr(C) = B + C, because B is defined over k. 
Since C, <r(Q € B' we have a(C) - (efinB'. So [fc«) : if] < 1. 

We also notice that K C &(Yo), otherwise we would have a a e Gal(fc/fe) such 
that cr(yb) = Yb, but ct(_B + C) ^ B + (. If this were the case, Yq would be a 
component of V n (B + () n cr(B + £), against the minimality of £? + £. 
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Thus 



[k(Q : k] = [k(0 :K][K:k]^[K:k]< [k{Y Q ) : k 



In view of (JTHJ) , C generates an extension of k of bounded degree. By Serre's result 
mentioned above 



We are left to give an explicit bound for the number of maximal T^-torsion anom- 
alous points Yq of relative codimension one. This is obtained in the following way: 
we first bound the number of possible subgroups B and possible torsion points C, 
such that B + £ is minimal for some Yq. Then we apply Bezout's theorem to every 
intersection V H (B + (). 

We already proved in Theorem 16.11 and (|T9l that if B + £ is minimal for Yq , then 
deg B and ord(C) are bounded. 

By Section [4721 the number of abelian subvarieties B in E N of dimension one and 
degree at most degB is -C,, (degB) N+v , for every r] > 0. In fact, if B is such a 
abelian subvariety, consider its associated matrix, as recalled in Section 14.21 it is 
an (N — 1) x N matrix and we call di the square of the norm of its i-th row. We 
let deg-B = pi ei ■ ■ -p r er be the factorization of degB into distinct prime factors. 
Then the number of possible choices for the elements di is bounded by <5(deg B) N ~ X , 
where, for a positive integer n, S(n) counts the number of divisors of n. We notice 
that, for every rj > we have 



Now, for every choice of the di, the number D of (N — l)xN matrices in which the 
square of the norm of the i-th row is at most di is bounded in the following way 



So for every rj > 0, the number of possible subgroups B is <§;,, (deg B) N+r) . 

As for the point it is well known that the number of torsion points in E of 
order bounded by a constant M is at most M 2N+1 . In fact the number of points 
of order dividing a positive integer i is i 2N ; so a bound for the number of torsion 
points of order at most M is given by 



Applying Bezout's theorem to every intersection V (1 (B + (), we obtain that for 
every rj > the number S of T^-torsion anomalous points of relative codimension 
one is bounded by 



(19) 



ord(C) «„ [k(Y ) : Q]t+i. 



<5(deg£)<„ (degB)". 




M 




deg V (degB) 



iV+l+j;, 



ord(C) 



2V+1 



This, combined with Theorem 16. 11 (|19p and (|18[) . gives the required explicit bounds. 

□ 
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7. Torsion anomalous translates of positive dimension 

We let V be a weak-transverse variety in a power of elliptic curves with CM. In 
this section we study ^-torsion anomalous varieties which are translates of positive 
dimension. We reduce this case to the zero dimensional case. 

First we compare the V^-torsion anomalous translates with translates contained 
in V. 

Lemma 7.1. Let V be a weak-transverse subvariety of an abelian variety of dimen- 
sion N . Let Y be a maximal V -torsion anomalous translate, then Y is a maximal 
translate contained inV (i.e. Y is not strictly contained in any translate contained 
in V). 

Proof. Let Y be a maximal V^-torsion anomalous translate and suppose that Y is 
contained in a maximal translate (H + p) C V with dim(H +p) > dim Y". Let B + ( 
be minimal for Y. Then Y is a component of V D (B + () and 

(20) codim Y < codim V + codim B. 

Since (H + p) n (B + Q D Y then p = h + b + ( for some h G H and b E B. 
Therefore 

(H+p)n(B + c) = (H+b+()n(B + () = {H + b+()n{B + b+() = (HnB) + b+( 

and 

dim(# DB) = dim((H + p) n (B + 0) > dimK 
By (f20]>. we deduce 

dim(iJ + B) = dim H + dim B - dim(iJ n B) 
^ < dim H + dim B - dim Y < N. 

So H + B + ( is a proper torsion subvariety of the ambient variety. Moreover 
H + p = H + h + b + (CH + B + (. 

Thus 

H + P cvn(H + B + (). 
By ((3DJ) and ([2"T]|. we deduce 

iV - dim H < N - dim V + AT - dim i? - dim _B + dim Y 

< N — dim + N - dim i? - dim B + dim(B n H) 
= N - dim V + N - dim(H + B). 

This implies that H +p is a ^-torsion anomalous translate, against the maximality 
of Y. □ 

The following lemma is a straightforward corollary of the result proved by Patrice 
Philippon in the Appendix [X] It relates the essential minimum of a translate to the 
height of the point of translation. 

Lemma 7.2. Let H + Yq be a weak-transverse translate in E N , with Yo a point in 
the orthogonal complement H 1 - of H . Then 

f i(Y )=n(H + Y Q ). 
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Proof. The points Yq + £, for £ <E Tor h , are dense in H + Yo and they have height 
equal to h(Y ). So we get [x(H + Y ) < n(Y ). 

To obtain the other inequality, consider a set of points of the form xi + Yq with 
Xi e H, which is dense in H + Yq. By the Lemma of Philippon in the Appendix [XI 
we get h( Xi + Y ) = h( Xl ) + h(Y ) < h(Y ). □ 

We now state our main theorem for t/-torsion anomalous translates. Let H + Yq 
be a maximal F-torsion anomalous translate of relative codimension one. The idea 
is to apply the functorial Lehmer-type bound by Carrizosa to the point Yq in the 
complement H^- of H, so that the problem becomes zero dimensional. We then 
apply the Arithmetic Bezout theorem to H + Yo in the usual way. The link between 
/i(Y"o) and n(H + Yo) is then given by Lemma \7. 2 1 

Theorem 7.3. Let V be a weak-transverse subvariety of E , where E has CM. 
Then the set of V -torsion anomalous translates of relative codimension one is a 
finite set of explicitly bounded normalized height and degree. 

More precisely, let k be a field of definition for E and let fc tor be the field of 
definition of all torsion points of E N . Let H +p be a maximal V -torsion anomalous 
translate of relative codimension one. Let B + £ be minimal for H + p. Then, for 
every real positive rj there exist constants depending only on E and r\, such that 



degB «„ ((h(V) + degV)[k to AV) : k toI }Y 



tor 



h(H+p) «„ (h(V) + dcg V) +v [k t0 r(V) :k 

deg{H+p) «„ (degV)((h(V) + degV)[k toI (V) : fc tor ]) 



In addition the points £ belong to a finite set (of cardinality absolutely bounded 
in Theorem \7.5\ ). 



Proof. As we remarked in Section |4?6l we can assume all abelian subvarieties of E N 
to be defined over k. 

Let Fo be a point in the orthogonal complement H 1 ^ of H , such that H + p = 
H + Yo. By Lemma El 

(22) n(Y ) = n{H + Y ). 

We are going to use the Arithmetic Bezout theorem to find an upper bound for 
[i(H + Y ) and Theorem 14.51 to find a lower bound. 

Let -B + C be minimal for H + Yo, with £ in the orthogonal complement of B. Then 
H + Yq is a component of V f~l (B + £) and by assumption codim b+c,{H + Yq) = 1. 
By Lemma \3. 41 H + Yo is weak-transverse in B + (, thus Yo is not a torsion point 
and the coordinates of Yo generate a module of rank codim b+c(H + Yq) = 1. 

Let r be the codimension of B. The variety B + £ is a component of the torsion 
variety given by the zero set of the forms h%, . . . , h r of increasing degrees di and 

d x ■ ■ ■ d r < deg B = dcg(B + C) < dx ■ ■ ■ d r . 

Note that H + Yo is contained in V and, by assumption, it has relative codimension 
one. Thus codim V < codim H = r + 1. Denote 



n = r + 1 — codim V — dim V — dim H. 
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Consider the torsion variety defined as the zero set of the first r\ forms hi, ... , h ri , 
and take one of its irreducible component Aq passing through H + Yq. Then 

(23) degA < (degB)^ 

and 

codimAo = r%. 

Recall that fctor is the held of definition of all torsion points in E N . By Lemma 



H + Yq is a component of V H Aq . Since the intersection VnA is defined over 
A: t0 r, every conjugate of H + Yq over fc t0 r is a component of V n Aq and all such 
components have the same normalized height. 

All conjugates of H + Yq over fc tor (V) are in V D (B + £). So the number of 
components of V n Ao is at least 

[k toT {H + Y ) : k 

tor J 

[fctor (V) : 

"'torj 

We apply the Arithmetic Bezout theorem to H + Yq in V n Aq and we obtain 

(24) h(H + Y ) < (h(V) + dcgV)(degB)^ 
and estimating the components we have 

(25) h(H + Y ) [kt i H ^ 0) - Y « (HV) + deg ^)(deg B)» . 

[ktor[V ) : fctorj 

By the Zhang's inequality, (f22|) and (|25|) . we deduce 

(/i(F) + degF)[fc t or(V) : fc tor ](de gj B)^ 



(26) n(Y ) < 



[fctor(B + ^o) : fctor] degH 



Consider the smallest abelian subvariety H' of B containing Yq — £, so Yq is not 
contained in any torsion subvariety of H' + £. The relative codimension of H + Yq 
in B + £ is one therefore the dimension of H' is one. Moreover H^- fl (B + £) has 
dimension one and it contains Y"o- Consider the irreducible component iJrf of the 
intersection containing Yq: since Yq is not torsion, then Hq has dimension one. 
So if' + C = iJ(f , because both varieties are irreducible, contain Yq and are one 
dimensional. Notice in particular that C, G i?rf C i/- 1 , and therefore iJ' C H 1 - . 

We also notice that 

(27) [*te(y ) : fctor] < [fctor(B + Fo) : fctor] • #(# n H'). 

In fact if cr G Gal(fc t ^r"/fct or ( J ff + F )) then cr(r ) -Y e H. Since H' + ( = H' + Y Q 
and it is defined over fc t0 r, we have that cr (lo) — Yq £ H' as well. Hence the number 
of conjugates of Yq over fc tor is at most #(i? fl H'). 

For the lower bound for h(Yq), the proof follows the case of dimension zero. In 
particular applying Theorem 14.51 to Yq in W + £ we get that, for every positive real 

T) 

(dczH 1 ) 1 ^ 11 

(28) fi(Y ) = h(Y ) », 



[fctor (Yq) : fctor] 1+r >' 
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Combining ([26 ]) . ([2?) and ([28]) we get 

(2Q) (degi?') 1 ^ «, (hW + degVj^fK) : fc tor ] • 

•#(# n H') l+r '[k tm (H + Y ) : fctor]". 
Notice that, by the definition oi H' , B = H + H' and 
(30) #{H n H')dcgB = degH degH'. 

Thus, possibly changing 77, we have 
(31) 

deg£ « r) ((h(V)+degV)[k tor (V) : k tm })^^-^ {#{H n H')[k tOT (H + Y ) : fc tor ]) 

We now want to remove the dependence on #(i/ n H') and [fc tor (_ff + Y ) : fc tor ] 
and bound the degree of the translate H + Y . 
We first apply Bezout's theorem to the intersection V fl A , obtaining: 

(32) degH < degV degA degV(degB)^ 
and estimating the components we obtain 

(33) degg [fcto,(g + yo) .fcto r ] < degFdeg ^ o « degV{degB) ^. 

[fetor (V J : fctor J 

We remarked that H' C H- 1 , therefore H n i? ' C H n i?- 1 and, 

#(fln ff') < #(# n tf- 1 ) < (dcg iJ) 2 . 

This and (02]) give 

#(Hr\H')[k tol .(H + Y Q ) : fc tor ] « ([fctorW : fctor] deg F) 2 (deg 5)^. 
Substituting in ([3"T]) we get 

(34) degB «„ ((/i(y)+de g y) [fc to r (V) : fctor ])^v=t+'?. 
Then, using ([32]) and replacing ([34]) we have 

deg(ff + Y ) « (dcg T/)(dcg £?)^~ «„ 

«„ (degV)((h(V) + degV)[k toI (V) : fc tor ]) + ". 

Finally, from ([24]) and ([34]) we obtain 

h(H + Y ) «„ (/i(V) + deg V) ^y-^lhoriV) : fc tor ]^^+". 

Since we have bounded degi?, we can conclude from Lemma 13 . 71 that the points 
£ belong to a finite set. □ 

In the proof we bounded the degree of H + Y using Bezout's theorem, and we 
obtained a bound depending on deg V and h(V). The dependence on h(V) may be 
removed with a different argument. 

Let H+p C V be a translate which is maximal with respect to the inclusion among 
all such translates. Bombieri and Zannier in [BZ96j . Lemma 2, proved that only 
finitely many such abelian subvarieties H can occur. More precisely the maximal 
translates contained in V have degree bounded only in terms of the degree and the 
dimension of V. As a corollary of their proof we obtain the following lemma. 
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Lemma 7.4 (Bombicri-Zannier). Let V be a weak-transverse variety. Then the 
maximal translates contained in V are of the form H + p for finitely many abelian 
subvarieties H with 

degH < (elegy) 2 """ 1 ". 

Using this lemma we obtain a bound which is more uniform, though the depend- 
ence on deg V shows a bigger exponent. 

As remarked for the zero dimensional case, in Theorem 17.31 we proved finiteness 
using the non effective Lemma 13.71 We now give a completely effective result which 
is the analogous of Theorem 16.21 in positive dimension. We bound the degrees of 
the fields of definition of the translates H + p and of the torsion points (. 

Theorem 7.5. Let V be a weak-transverse subvariety of E N , where E has CM. 
Let k be a field of definition for E. Let H + p be a maximal V -torsion anomalous 
translate of relative codimension one, and let B + C be minimal for H + p. Set 
r = codim B; then the field k(H + p) of definition of H + p has degree bounded by 

[k(H+p) : Q] « r) [k(V) : k] r+ri (deg V) 3r ~ 1 - 

(27— l)(r— codim V+l)+r(r- 1) , (3r— 2) (t— codim V+l) 

■ (h(V)+degV) L -"-1 + "[fctor(V0 : fc tor ] ^mT^i . 

Moreover the torsion points £ can be chosen so that 

[k(0--Q]^ v [k(H+p):Q] 

and 

ord(C)« l; [k(H + p):Q]% +r >. 

Proof. We keep all the notations and definitions used in Theorem [731 
Of course 

[k(H+p) : k] = [k(H + Y ) : k] < [k(Y ) : k], 

because we are assuming all abelian subvarieties of E to be defined over k. 

The bound on the degree [k(Y ) : k] is obtained following the same idea of The- 
orem [6T2J since H' has dimension one, the group generated by the coordinates of 
Yq is an End(£')-modulc of rank one. We can apply Siegel's lemma in a similar 
way to the zero-dimensional case, where we use the estimate ([26]) for the height of 
Yo- In this case, however, we want to find an algebraic subgroup G of dimension 2, 
containing Yq, and contained in H . 

We know that End(-E) is an order in an imaginary quadratic field L. Let Ai, . . . , Ajv_ 
be linear forms which give equations for H , and define 

5i = max \N L (lij)\, 
j 

where (Zy )j is the vector of coefficients of the form Aj . We now follow the steps of the 
proof of Theorem l6.2l and apply Siegel's lemma to obtain r— 1 independent solutions 
which are also orthogonal to the vectors of coefficients of Ai, . . . , Ajv-r-i; this time, 
in addition to the two equations of Theorem l6.1[ we have also one equation for each 
of the Ai, for a total of N — r + 1 equations in N + 1 unknowns (N coefficients and 
one for the torsion point). 

These r— 1 vectors give r— 1 linear forms which, together with the Ai, . . . , Ajv- r — 1, 
provide the N — 2 equations needed to define G. 
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The bounds provided by Siegel's lemma give 

/N-r-l \ / JV-r 

(35) degG«J J] Si) lh(Y )[k(Y ):k] l+r > ]J SA 



=1 





^ (degH) 2 --h(Y Q )—[k(Y ) : k]' 



Now that we have found G, we first show that H+Yq is a component of VD(H+G): 
indeed dim(H + G) = dim£? + 1, because G C H- 1 has dimension 2; therefore any 
component of the intersection V D (H + G) with dimension greater than dim H is 
anomalous. But H + Yq is clearly contained in V n (H + G) and, by the maximality 
of H + Yq, it is not contained in any V- anomalous subvariety of greater dimension; 
hence it is itself a component of V<~) (H + G) and so are all its conjugates over k(V). 

Applying Bezout's theorem to V fl (H + G) we get 

|^ ' | deg H < deg V deg(H + G) = deg V deg H deg G, 

(36) [k(Y ) : k] < [k{V) : k] deg V deg G, 

and this gives the desired bound. 
Substituting (|35|) in (|36l) . and using all the bounds from Theorem 17.31 we obtain 

3 r _1 , -- (2r-l)r 1+ r(r < 



: Q] <„ [*(V0 : fc] r+ "(degF) 3 '- 1 (/ l (^) + de g y) 

Finally, as in the proof of Theorem 16.11 £ can be chosen so that [fc(C) : Q] <C 
[k(Y ) : Q]; again by Serre's theorem, the points £ have order bounded by ord(^) 
[k(Yo) : Q]~ +n and therefore belong to an explicit finite set. 

Finally, the set of all possible translates H + p has cardinality S bounded by 

(37) S <„ [k(V) : k} Dl (degV) D Hh(V) + dcgV) D3 [k toI (V) : k toI } Di 
where 



rN(2N + 1) 
2 



^ = (3r-l)iV(2iV + l) + 1 



3 



(AT + l)r 7V(27V + 1) (2r - l)(r - codim V + 1) + r(r - 1) 



codim V — 1 2 codim V — 1 



^ _ (JV + l)r + N(2N+1) (3r-2)(r- codim V+l) p 
codim V — 1 2 codim V — 1 



8. Proof of Theorem 11.31 

We now give the proof of Theorem 11.31 restated here for clarity. 

Theorem 8.1. Let V be a weak-transverse variety in an abelian variety A with CM. 
Let g be the maximal dimension of a simple factor of A. If codim V > g + 1, then 
the maximal V -torsion anomalous varieties of relative codimension 1 are finitely 
many and they have degree and normalised height effectively bounded. 
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Proof. Let X be a maximal V^-torsion anomalous variety of relative codimension 
1 and let B + £ be minimal for X. Then X is a component of the intersection 
V n (B + C) and codim V > dim B - dim X = 1. 

Since codim > g + 1 by the hypothesis and dimt^ > dimX + 1 = dimi?, then 
codim B > g + 1. From Section [4721 B + £ is a component of the torsion variety 
given by the zero set of r > 2 forms hx,...,h r of increasing degrees di and 

di • • • dr < deg(B + C) < d x ■ ■ ■ dr. 

Notice that one single equation gives codim B < g, since g is the maximal dimension 
of a simple factor of A. This implies that r > 2. 

Denote by Aq the algebraic subgroup given by hi, . . . , h r -i- Since r > 2, we have 
A C A. In addition degAo < (degB) 1 ^". 

We now show that X is a component of V D Aq. Suppose, to the contrary, that 
X C Y C V n Ao where V is a component of V n ^4o strictly containing X. By 
maximality of X , Y cannot be V^-torsion anomalous, hence 

codim Y = codim V + codim Aq. 

Moreover by construction dimylo < dim£> + g. This implies 

dim B — 1 = dim X < dim Y — dim Aq — codim V < dim B + g — codim V 

and so codim V < g + 1, which contradicts the hypothesis on V. 

So X is a component of V n A . The bounds for the normalised height and for 
the degree of X are now obtained following the proof in the case of elliptic curves. 
Namely we combine the Zhang inequality, the Arithmetic Bezout theorem, the 
Bogomolov estimate in Theorem 14. 31 and the relative Lehmer estimate in Theorem 
14.51 The appendix is here replaced by the general result of Bertrand in |Ber86j . 

If X is not a translate, the same argument of Theorem 15.11 applies to show that 
for any positive real 77, there exist constants depending only on A and 77 such that 

(38) h{X) «„ (h(V) +degVO codimB+I '(degVT 
and 

(39) degX «„ (h(V) + degV) codhllB - 1+n {degV) 1+ i. 



If X is a translate, we proceed as in the proofs of Theorem 16. II if dimX = and 
of Theorem 17.31 if dimX > 1, obtaining that for any positive real 77, there exist 
constants depending only on A and 77 such that 

(40) h(X) «„ (h(V) + deglO codimB+ " [fetor (V) : fc tor ] codimB - 1+ " 
and 

(41) degX «, degV((h(V)+degV)[k toI (V) : k tor ]r dimB - 1+ ^ . 

Here k is the field of definition for A, k toI is the field of definiton for the torsion 
points of A and degX = [fetor (-^0 : fetor] when X is a point. □ 



9. The case of a curve 



In this section we extend our method in order to get some further results for 
curves. 
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Theorem 9.1. Let C be a weak-transverse curve in E N , where E has CM. Let k 
be a field of definition for E and denote by fetor the field of definition of all torsion 
points of E N . Then the set 

S(C) = C (U co dimff>dimff^) 

is a finite set of effectively bounded Neron-Tate height. Here H ranges over all 
algebraic subgroups of codimension larger than the dimension. 
More precisely the union can be taken over finitely many algebraic subgroups 

M 

s(C) = cn\jH i; 

i=l 

the Hi are algebraic subgroups with dim H < codim H . and for any real r\ > 0, there 
exist constants depending only on E N and r) such that 

deg iT* «„ (0(C) +degC)[fctor(C) : fetor]) 2 <- 1 )< 2 -«) +v ([k(C) : k] degC)^J + \ 

where r = codim Hi . Moreover M can be effectively bounded. 
Furthermore, ifYoG S(C) we have 

h(Y ) «„ (h(C) +degC)^ i+ "[fc tor (C) : fc tor ]^ i+ "; 
if Y is not a torsion point we also have 

[k(Y ) : Q] «^ (\k{C) : k] deg C)^ +rj ((h(C) + degC)[k tm (C) : k tm })^+ 7 ', 
and the cardinality of the points in 5(C) which are not torsion points is bounded as 
S «, [fc(C) : fc] Sl (degC) Sl+1+ "((/i(C) +degC)[fc tor (C) : k tm ]f 2+ \ 

where 

N(N + l)(2N+l) _ (3N 2 + N - 1)(N + 1) 

Bl - W^l) ' 4 • 

Proof. We notice that the set of all torsion points in C is finite and has cardinality 
bounded by the effective Manin-Mumford Conjecture. From now on, we will be 
concerned with points in S(C) that are not torsion. 

Clearly all the points in the intersection Cfl (U co dim.H>dim£r-£0 are C-torsion 
anomalous. In addition since C is a weak-transverse curve each torsion anomalous 
point is maximal. 

Let Yq £ S(C) be a non-torsion point; then Yq E C H, with H the minimal 
subgroup containing Yq with respect to the inclusion, and let r = codim if. 

Let also B + £ be a component of H containing Yq. Clearly dimf? = dim ii and 
Yq G C fl (B + C) with -B + C minimal for Yo; as done several times, we can also 
choose the torsion point £ in the orthogonal complement of B. 

Notice that 

(42) degTi < (degB)ord(C). 

In fact B + (() is an algebraic subgroup of dimension equal to dim H , it contains 
Yo and it is contained in H ; thus B + (£) = H , by the minimality of H. 

The proof now follows the lines of the proofs of Theorems l6.ll and l6.2l We proceed 
to bound deg B and, in turn, the height of Yq, using Theorem l4.5l and the Arithmetic 
Bezout theorem. Then, using Siegel's lemma, we get a bound for [fc(io) : k] and for 
the order and the number of torsion points £, providing also a bound for deg H . 

Recall that we have r = codim B = codim H. 



ON TORSION ANOMALOUS INTERSECTIONS 



33 



We first exclude the case r = 1 and show that the case N — r = 1 is covered 
by Theorems 16.11 and 16.21 If r = 1 then dim B < codim B implies dim B — and 
N = dim B + codim B = 1 contradicting the weak-transversality of C. 

The case N — r = 1 corresponds to dim£> = 1 and Yq of relative codimension 
one, that can be treated with Theorems 16.11 and 16.21 

Thus we can assume r > N — r > 2. Moreover 2r > N, since by assumption 
codim B > dimB. 

As done several times, by Section 14.21 the variety B + £ is a component of the 
zero set of forms hi , . . . , h r of increasing degrees di and 

di ■ ■ ■ d r < deg B = dcg(B + £) < di ■ ■ ■ d r . 

Consider the torsion variety defined as the zero set of hi, and let Aq be one of its 
connected components containing B + £. 
Then 

(43) deg A < di < (deg B) - . 

From Theorem 14.51 applied to Yq in £? + £, for every positive real we get 

(44) h(Yo) » v (degJ?) ^7 - ■ 

[k tO r(Y ) :k tm } — +r > 

Notice that all conjugates of Y over k tOT (C) are components of Cr\A . Applying 
the Arithmetic Bezout theorem to Yq in C n Aq and arguing as in the proof of 
Thcorcm l6.11 we have 

(45) [ ^C)lhlt h{Yo) < +degC)(de gj B)i 
From (03]) and (gSJ) we get 

2r-N „ 1 i , 

(degB)^^-" <„ (/i(C) + dega)[fc tor (C) : fc t or][fctor(>o) : fetor]" 
Since 2r > N, N — r > 1 and [fetor(5 / b) : fetor] > 1, for rj small enough we obtain 

(46) degB «„ ((h(C) +degC)[fc tor (C) : k tm ])^^ +n . 
So, from (|43|) we have 

(47) [k toI (Y ) : fc tO r]^(r ) «„ ((h(C) + degC)[fc tor (C) : fc t or])^ + "; 
while, using the right-hand side of (|45|) as a bound for h(Yo) and (|46| we get 

h(Y ) «„ + deg C)^ +,) [fetor (C) : fc to r]" + " 

as required. 

Having bounded deg_B and h(Yo), we now proceed to bound [fe(^o) : k] only in 
terms of C and 

We use Siegel's lemma to construct an algebraic subgroup G of codimension 
1 = dim C defined over k, containing Yq and of controlled degree. The construction 
is exactly as in Via03, Propositions 3 and 4. We present the steps of the proof. 

We know that End(i?) is an order in an imaginary quadratic field L with ring of 
integers O. By minimality of B + £, the coordinates of Yq = (xi, . . . , xn) generate 
an O-module T of rank equal to the dimension of B + £ which is N — r. Let 
gi, . . . , gN~r be generators of the free part of T which give the successive minima, 
and are chosen as in |Via03j . Proposition 2. Then h(J2j a j9j) ^ J2i \^L(ctj)\h(gj) 
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for coefficients oij in O. In addition, like in the case of relative codimension one, 
the torsion part is generated by a torsion point T of exact order R. 
Therefore we can write 

x i = 2_ J a i,j9 3 + Pi T 

3 

with coefficients a,, /3j £ O and 

N L (Pi) « R 2 . 
As in Proposition 2 of |Via03j . we have 

(48) h( Xi )^J2\ N ^ a ^\^3)- 

3 

We define 

Uj = (ai j, . . . , ofjvj) and = max \N L (a>i j)\. 

i 

Then 



(49) 1^1 « 



We want to find coefficients a t € such that ajXi = 0. This gives a linear 
system of N — r + 1 equations, obtained equating to zero the coefficients of gj and 
of T. The system has coefficients in O and N + 1 unknowns: the dj's and one more 
unknown for the congruence relation arising from the torsion point. 

We use the Siegel's lemma over O as stated in |BG06j . Section 2.9. We get one 
equation with coefficients in O; multiplying it by a constant depending only on E 
we may assume that it has coefficients in End(-E'). Thus it defines the sought- for 
algebraic subgroup G of degree 

'n-t 

V 



degG« (maxiV L (&)) ]"[ 



3 I 

3 

Let Go be a k- irreducible component of G passing through Yq. Then 

(N-r 
r 2 n i 

Since G is weak-transverse, the point Yq is a component of G D Go. In addition 
G and Go are defined over k and Bezout's theorem gives 

[fc(Yb) : k] < [k(C) : fc]degGdegG . 

Hence 

(N-r 
r 2 n \vj\ 

Using (|4*9^) we get 

(50) [fc(!o) : fe] « [k(C) : fc] degG ( R*-^^— 
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Following step by step the proof of Proposition 4 in }Via03] , using Theorem 14.51 
in place of Theorem 1.3 of [DHOOj . we get 



N-r 



(5i) n h (9i) >r, 



" [fetor (*o) :fc tor ] 1+ "' 

By a result of Serre, recalled also in |Via03j . Corollary 3, we know [k(Yo) : k] 
R 2 ~ v . Moreover from ([4T]) . the product h(Y )[k tm (Y ) : fc tor ] is bounded. Sub- 
stituting these bounds in (|5T)|) and recalling that r > 2, for r\ small enough we 
obtain 
(52) 

[fe(Y ) : k] «, ([k(C) : fe]degC)— +11 ((h(C) + deg C)[fc tor (C) : fc tor ]) (--«>(.-d +". 
Moreover, as in the proof of Theorem 16. 11 we can choose C so that 

[fc(0 : fc] < [k(Y ) : Q], 

and ord(C) <C„ [fc(Fo) : Q]^+". 

Substituting this and (|46|) in (j42|) . we get the bound for degi/. 

Now, as in the last part of the proof of Theorem 16. 1[ for every r\ > a bound for 
the number S of non-torsion points Yq is given by 

S «, degC (deg J B) Ar + 1 +"ord(C) 2Ar+1 

and combining this with the previous results we obtain the bounds. 

Finally we notice that we have bounded the degree degH for H of fixed codi- 
mension r; letting r vary this proves that the subgroups H can be taken in a finite 
set {-Hi, . . . , fljif}- A bound for M can be given effectively, as done in the proof of 
Theorem [O □ 



In Theorem l9.1l we have stated a simplified version of the bounds for h(Yo), [k(Yo) : 
Q] and S. This has been done for clarity, but a closer inspection of the proof shows 
that we have proved the following, sharper bounds. 

Corollary 9.2. With the same setting and notation of Theorem Iff. 11 take Yq £ 
S(C) is not a torsion point, and Yq £ C n H with H of minimal dimension N — r. 
Then for any real r\ > 0, there exist constants depending only on E N and n such 
that 

h(Y ) «„ (h(C) +degC)^+' ) [fctor(C) : k tm }&+\ 
[k(Y ) : Q] «,, ([fc(C) : fc] degC)— +r '((h(C) + deg C)[fe tor (C) : fc tor ]) (--«)(-d 
Moreover Yq belongs to a finite set of cardinality S bounded as 

5«„ [k(C) : k] B ^degC) Bl+1+r >((h(C) + degC)[fc tor (C) : fc tor ]) B2+r ', 

where 

_ rN(2N+l) 
Bl ~ 2(r-l) ' 
r(N - r)(2rN + 2r - 2 + 2N 2 - N) 



Bo 



2(2r-N)(r- 1) 
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Appendix A. Sur une question d'orthogonalite dans les puissances de 

COURBES ELLIPTIQUES 

We are indebted to Patrice Philippon for writing this appendix which is essentially 
the proof of Lemma 1 7. 2 1 Let us mention that deeper properties of orthogonality in 
Mordell-Weil groups have been studied, see [Bcr86 . 

Soit E une courbe elliptique dehnie sur le corps des nombres algebriques Q, 
considere plonge dans le corps des nombres complexes C. Soit L = Frac(End(£')) 
le corps des multiplications de E, qu'on considerera comme un sous-corps de Q C C. 
On a L = Q ou L = Q(\/—D) pour un entier D positif, sans facteur carre. 

On suppose E plongee dans un espace projectif par un diviseur ample et symetrique 
dcfini sur Q et on note h : E (Q) — > K la hauteur normalised (i.e. de Neron-Tate) 

correspondante, qui satisfait h( T P) — N k /^(t)Hp) pour r G End(i?), p € E(Q), 
et qui ne s'annule qu'aux points de torsion de E. L'accouplement de Neron-Tate 
associe s'ecrit 



(p, Q)nt = - {h{p + q)~ Hp) - Ho)) e 



pour p,q € E(<Qi), il induit naturellement une forme Q-bilineaire symetrique sur le 
L-espace vectoriel £ , (Q)(8'zQ. On introduit alors le produit scalaire (a valeurs dans 



(p, q) 



(p,q)NT si L 

(P, q) NT - -7=R (p, V^Dq) NT Si L 



dont on verific qu'il est L-sesqui-lineaire (relativement a la conjugaison sur L) et 
hermitien. 

On ctend ccs produits scalaires a E(Q) n <S>z Q par les formules 



{p, q) nt = 22(pi,qi)NT 

i=l 
n 

(p,q) = 22(pi,qi) 



pour p = (pi, . . . ,p n ) et q — (qi,,.., q n ) dans E(Q) n . Et on munit C™, identifie a 
l'espace tangent en l'origine de E(C) n , de son produit hermitien standard. 

Lemma A.l. Soient H et H' deux sous-groupes algebriques, connexes, de E n , 
alors leurs espaces tangents a l'origine TiJ(C) et TH'(C) sont orthogonaux dans 
C n si et seulement si H(Q) et H'(Q) sont orthogonaux dans E" (pour le produit 
scalaire (•, •) ou de fagon equivalente pour l'accouplement de Neron-Tate). 

Demonstration. Soient d et d' les dimensions respectives de H et H' , il existe des 
homomorphismes ip : E d — > E n et ip' : E d — > E n dont les images sont H et H' 
respectivement. On peut decrire ces homomorphismes sous la forme 
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d 



d 



(pi,...,Pd) ^ P 



^2 a i,jPj>- 



j'=i 



d' 



d' 



(qi, ■ ■ -,qd>) >-> q 



^bi, k q k ,. 



k=l 



k=l 



et leurs applications tangentes T v : C d -> TH(C) C C" ct T' v : C d ' -> TiJ'(C) C 
C" par 



ou aij,bi t k G End(i?) pour tous i,j,k. On calcule alors les produits scalaires en 
developpant par sesquilinearite 



Si les espaces tangents en l'origine a H et H' sont orthogonaux (resp. si H et 
H' sont orthogonaux) on a (u, v) = pour tous ui,..., Ud, Vi,...,Vd> G C (resp. 
(p, g) = (p, <?)nt = pour tous pi, . . . ,p<j, qi,...,qd> G -E(Q). Applique avec ty/ = 
Ufc/ = pour f ^ j, k! ^ k et u. } ; = i> fc = it 7^ (resp. p^/ = g fe / = pour / ^ j, 
k! 7^ fc et pj = qk = P non de torsion), ceci entraine les egalites J27=i a i,jbi,k = 0, 
pour tous j, k. Reciproquement, ces dernieres entrainent (u, v) = et (p, q) — 
(p,g) NT = pour tous u G Tif(C), w G TH'(C), p G ff(Q) et q G ce qui 

etablit l'equivalence enoncee. □ 
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